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Abstract. We describe an algebro-geometric approach to Vakil-Zinger's 
desingularization of the main component of the moduli of genus one sta- 
ble maps to P" [51 [7] . The new approach provides complete local struc- 
tural results for this moduli space as well as for the desingularization of 
the entire moduli space and should fully extend to higher genera. 



1. Introduction 

Let Mi(P",(i) be the moduli of degree d genus one stable maps [2] to 
and let Mi{F'^,d)o C Mi(P",d) be the primary component that is the 
closure of the open subset of all stable morphisms [u,C] G Mi(P",d) with 
smooth domains. In [6l[7], Vakil-Zinger found a canonical desingularzation 
Mi(P", d)o of Mi(P", d)o by performing "virtual" blowiiig-ups on Mi(P", d). 
They also showed that for /o : A" ^ P" and vf : ;t' ^ Mi(P", d)o, the pull- 
back universal family over Mi(P", d)o, the direct image sheaf 

7i"*/o^P"(5) 

is locally free. Those desingularizations are useful for applying Atiyah-Bott 
localization formula to the hyperplane relation proved by Li-Zinger in 
While the desingularization result in [7] is algebro-geometric, its proof is 
analytic in nature. 

This paper provides an algebro-geometric approach to these desingular- 
ization results. It will be a part of an algebro-geometric approach of the 
relation between ordinary and reduced genus one GW-invariants of com- 
plete intersection in products of projective spaces p^j. It will also serve as 
our first step to generalize the structure results on moduli spaces of genus 
one stable maps to higher genera. 

Our proof consists of two stages. At first, we use the classical method of 
studying special linear series on curves to give an algebro-geometric proof 
of the local equations of Mi{¥"',d), obtained by Zinger in [HI §2.3]. After 
that, we "modular" blow up Mi(P",(i) and prove that the resulting stack 
has smooth irreducible components. The blowup construction used in this 
paper follows that in [7]. 
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We now briefly outline our approach. Since a stable map [n, C] to a 
projective space P" is given by 

u=[uor-- ,un] : C^P", Ui G H\u*&{1)), 

its deformation is determined by the combined deformation of the curve 
C and the sections {ui}. Since moduli spaces of curves is smooth, the 
singularity of Mi(P"',(i) is caused by the non-locally freeness of the direct 
image sheaf 7r*/*(^pn(l) of the universal family 

t::X-> Mi(P", d) and f : X — > P" 

of Mi(P",d). 

To study the non-locally freeness of the direct image sheaf, by assigning to 
each stable map [u, C] the divisor u^^(O) C C, locally we can view Mi(P", d) 
as a stack over the Artin stack 2)i of pairs (C, D) of genus one nodal curves 
C and effective divisors D C C. Over each chart V C by picking an 
auxiliary section of the universal curve tt : C ^ V with D C C the tautologi- 
cal divisor, we construct explicitly a complex whose 
sheaf cohomology gives the cohomology Rir^ffciT^))- 

We then apply the deformation theory of nodal curves to derive a simple 
explicit form of the homomorphism 93 in Under a suitable trivialization, 

= (o,Ci, • • • ,Cd), 

where each Qi is a suitable product of the pull back of regular functions 
whose vanishing loci are irreducible components of nodal curves in This 
description enables us to derive explicit local equations of Mi(P",d) (see 
Theorem 15 -jp . They are analogous to the equations described by Zinger [HI 
§2.3]. 

To construct the desingularization of the moduli space, we introduce the 
Artin stack 9Jt"* of pairs (C, w) of genus one nodal curves C with non- 
negative weights w G H'^{C,'I^), meaning that > for all irreducible 
T, C C. The stack TIJ^ is smooth and contains closed substacks Qk whose 
general point is a pair (C, w) such that C consists of a smooth elliptic curve 
Ce with k rational curves attached to Cg and the restriction of w to Ce is 
zero, while its restriction to the other components of C in non-zero. We 
then blow up dJlJ^ successively along 0i, ©2, • • • , etc., to obtain TIY^. The 
desingularization of Mi(P",(i) is 

Mi(P",d) =Mi(P",d) x^wt^f . 

After a detailed study of the lifting of the local equations of Mi(P"',(i) 
mentioned earlier, we prove that the irreducible components of Mi(P", d) are 
smooth and intersect transversally. We also prove that for each irreducible 
component Mi(P"',d)^ C Mi(P",d) with (vf^,//^) the pull-back universal 
family on Mi(P"',(i)^, the direct image sheaf 
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is locally free. It is of rank dr over the desingularization of the primary 
component and of rank dr + \ elsewhere. We comment that the results for 
the primary component were proved by Vakil-Zinger f^. Weighted graph 
was also used to study stable maps to by Pandharipande [5j. 

This paper is organized as follows. In §2, we outline our approach, stating 
the main desingularization theorems 12.81 and 12. 101 and the main local struc- 
ture theorems 12.161 and 12.181 In §3, we introduce the notion of weighted 
rooted trees of weighted nodal curves. In the following section, we state 
and prove the main structural result of the direct image sheaf 7r^,/*^pn(/c). 
Finally, in §5 we prove the theorems stated in §2. 

We'd like to thank Zinger for numerous suggestions on improving the 
presentation of the paper and for pointing out several oversights. The second 
author also thanks him for valuable discussion during their collaboration. 
The first author was partially supported by NSA; the second author was 
partially supported by NSF DMS-0601002. 

Throughout the paper, we fix an arbitrary algebraically closed base field 
k. All schemes in this paper are assumed to be noetherian over k. 

2. Canonical desingularization of Mi(P",(i) 
In this section, we state our main results. 

2.1. The Artin stack of weighted nodal curves. 
Definition 2.1. Let C he a curve. We set 

H^{C,Z)+ = {we H^{C,Z) I > jor C dY. irreducible}. 

A weighted nodal curve is a pair {C, w) consisting of a connected nodal curve 
C and a weight assignment w G H'^{C,'L)^ . 

2.2. For any scheme S and flat family of nodal curves C — > S, a weight 
assignment oi C/S is a section w of the sheaf R'^tt^I,'^, where R'^tt^Z^ C 
i?^7r^,Zc is the subsheaf consisting of all sections w whose restrictions w{s) 
to any closed point s G S lies in H'^{Cs,Z,)^ . Here vu{s) is the image of w 
under the pullback homomorphism i2^7r*Zc — > H'^{Cs,'Zi). 

A flat family of weighted nodal curves over 5 is a pair {C/S,w) of a flat 
family of nodal curves over S together with a weight assignment over C/S. 
We say that two families of weighted nodal curves {C/S,w) and {C'/S',w') 
are equivalent if there is an isomorphism h : C/S — > C'/S such that w = 
h*w'. 

A weighted nodal curve is called stable if every smooth ghost (weight 0) 
rational curve B C C, B contains at least three nodes of C. Fixing a genus 
g > 0, we form a groupoid 

: (Schemes) — > (Sets). 

that sends any scheme S to the set of all equivalence classes of flat families 
of stable weighted nodal curves of genus g over S. 
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Mimicking the proof that the stack 9Jlg of nodal curves of genus g is an 
Artin stack, we obtain 

Proposition 2.3. The groupoid DJl^* is a smooth Artin stack of dimension 
3g-3. The projection — ^ 9Jlg by forgetting the weight assignment is 
etale. 

Note that SOtJ* is the disjoint union of infinitely many smooth components, 
each of which is indexed by the total weight of the weighted curves. Because 
of the stablity requirement, each component is of finite type. 

2.2. Blowups of Mi(P'^,d). 

To describe the desingularization of Mi(P",d), the notion of core curve 
is pivotal. 

Definition 2.4. The core of a connected genus-one curve C is the unique 
smallest (by inclusion) subcurve of arithmetic genus one. The core of a 
weighted curve (C, w) G SfJl^* is called ghost if the induced weight on the 
core is zero. 

2.5. The stack 9Jt™* contains an open substack Qq consisting of weighted 
curves with non-ghost cores. The complement 9Jt^* \ Qq admits a natural 
partition according to the number of rational trees attached to the ghost core 
curves: Qj- is the subset of pairs (C, w) such that C can be obtained from 
the ghost core Ce C C by attaching k (connected) trees of rational curves to 
the core Cg at k distinct smooth points of Cg. Then = IIyt>o€)fc. We 
let 9fc be the closure of 0^. 

2.6. We can successively blow up along the loci 0fe. The locus Qi is a 
Cartier divisor; blowing up along 0i does nothing. We start by blowing up 
5Jt™* along the locus 02, which is a smooth codimension 2 closed substack of 

wc denote the resulting stack by 571^*2] j which is smooth. Inductively, 
after obtaining '^X\k-iY blow it up along the proper transform Q\k-i\,k ^ 
of the closed substack ©j. c SDt^*- Since Q\k-i],k is a smooth closed 
substack of of codimension A;, the new stack is smooth. We continue 

this process for all k = 2, 3, • ■ ■ . Since each connected component of 9Jlj^* 
is of finite type, the blowup process on this component will terminate after 
finitely many steps. Therefore, the limit stack, which is the blowup of 9Jl^* 
along the proper transforms of 0^ in ^i^[k-i] for all A; > 2, is a well-defined 
smooth Artin stack; we denote this stack by SDt^*- 

2.7. To induce a blowup on Mi(P", d), we form the fiber product 

Mi(p",d) = Mi{r\d) x^wt mjK 

Here the morphism Mi(P", d) — > 971"* is defined as follows. The first Chern 
class ci(/*^pn(l)) gives a weight assignment to the domain curves of the 
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universal family / : A" — > P" of Mi(P",(i), making X a family of weighted 
nodal elliptic curves. This family then defines a tautological morphism 

Mi(P",d) 

that is a lift of the tautological morphism Mi(P", d) Note that since 

ci (/* (1)) has degree d, defining Mi (P", d) requires blowing up TIJ^ along 
the proper transforms of @k from k = 2 to k = d. That is, 

Mi(P", d) = Mi(P", d) xgjjwt mi^l^]. 

We can now succinctly reformulate the end result of the virtual blowup 
construction of [3 §4.3]. 

Theorem 2.8. Mi(P",d) is a DM-stack with normal crossing singularities. 

For a refined version of this theorem with explicit local equations, see 
Theorem 15.221 

2.9. Desingularizations of the sheaves n^f*i?{k) over Mi(P'^, d) are essential 
ingredients in computing genus one GW-invariants of complete intersections 
[U [9]. The blowup Mi(P",(i) contains a primary irreducible component 
whose generic points are stable maps with non-ghost elliptic core. We de- 
note this component by Mi(P",d)o. The other irreducible components are 
indexed by the set of all partitions of d. For /i either or a partition of d, 
let _ 

*^:;t'^^Mi(P",d)^ and : ^ P" 

be the pull back of the universal map over Mi(P"',d). 
The following theorem is due to Vakil-Zinger [7]. 

Theorem 2.10. For every k >0, the direct image sheaf TT^^f*fff>n{k) is a 

locally free sheaf over Mi(P"', d)^ with fj, either or a partition of d. It is of 
rank kd when /i = and of rank kd + 1 otherwise. 

We will treat the two theorems in the reverse order from what was done 
in [7]. Specifically, we will first prove a structure result for the direct image 
sheaf TTiff* ffpTi{k) for all positive integers k. We then derive local defining 
equations for Mi(P",d) and Mi(P",(i), and obtain theorems ESI and ETOI 
as corollaries. 

2.3. Local defining equations for Afi(P",(i). 

2.11. For later use, we form the Artin stack of stable pairs {C,D) of (con- 
nected) nodal elliptic curves C with effective divisors D C C supported on 
the smooth loci of C. Here (C, D) is stable if any smooth rational curve in 
C disjoint from D contains at least three nodes of C. We denote this stack 
by It maps to TIJ* by sending (C, Z?) to {C,ci{D)). The morphism 
Di dJlJ^ is smooth and has connected fibers. In particular, the connected 
components of 2)i are indexed by the degree of the effective divisors. 
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2.12. For any closed point [u,C] G Mi(P",d), we let 

u=[uo,--- ,u„]:C^P", Gr(C,u*^p.(l)), 

be the associated stable morphism. By a change of homogeneous coordi- 
nates on P", we can assume that Uq^{0) C C is a smooth simple divisor 
D of degree d. Once D C C is fixed, we can choose uq to be the constant 
section 1 € T(C, ffc) C r(C, i^c{D)). Under this convention, the remaining 
sections ui, ■ ■ ■ ,Un are uniquely determined by the morphism n : C — > P". 
Consequently, deforming n : C — > P'* is equivalent to deforming the pair 
(C, D) and the sections ui , • • • ,Un- 

2.13. We next choose a small open neighborhood [u,C] G C/ in Mi(P",d). 

Let 

TT-.X — and f -.X — ^ P'' 

be the the universal family over U with = C the fiber over ["u, C]. Let 
S = f*[xQ = 0] (where [xq, - ■ ■ , are the homogeneous coordinates of P"). 
By shrinking U if necessary, we can assume that S is away from the singular 
points of the fibers X/U. This way, we obtain a morphism 

U — [u',C']eU> — >{c',c'ns). 

2.14. We now construct the deformation space of the data {C,D,ui, - ■ ■ , Un)- 
We let V ^ be a smooth chart of (C, D) G Si that contains the image of 
[/ ^ Di; let {C,V) be the tautological family over V with (Cqj^o) = {C,D) 
for some point G V, and let 

p:C — ^ V 

be the projection. We set = ffciTi). Set theoretically, our deformation 
space is the union IJ^^y ii'°(C^,^|c„)®"'. The deformation is singular at 
points where the core curve of Cy is ghost due to H^{Cv,^v) ¥= 0- 

The algebraic construction of the deformation space is via a standard 
trick. 

2.15. By shrinking V if necessary, we can find a section A C C of C/V, away 
from V, such that it passes through smooth parts of the core curves of all 
fibers of C/V. Because ^{A) is effective and has positive degree on the core 
curve of every fiber of C/V, we have 

(2.1) R^p^^{A) = and p^^iA) is locally free. 

We let Sy be the total space of the vector bundle p^^{A)®"' and let p : 
— > V be the projection. Then the tautological restriction homomorphism 

rest : p,^(>l)®" p,(=^(^)®"U) 

lifts to a section 

(2.2) FGr(5v,pV*(^(^)®"U)). 

Theorem 2.16. Let U = V x^^U . Then there is a canonical open immer- 
sionU^ (F = 0) C £v- 
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These local equations are made explicit in Theorem 15.71 

2.17. We let TIJ^ TIJ^ be the blowup described in ESI We form the 
fiber product 

3i = xg^wt 5017*, V = Vxj,^3i and Li = Vx^^U. 
Let r] : V ^ V he the projection. Then 

is the total space of the pull back bundle rj* p^:^{A)®'^ . The immersion 
Z// — > of Theorem 12. 161 induces an immersion U ^ £y. 

Theorem 2.18. Let ^ : £y ^ £y be the projection and let F = (,*{F) be 
the pull back section in (,*p* p^:{^{A)®^\y^). After shrinking V if necessary 
and fixing a suitable trivialization (,*p* p^{^{A)®"'\_a) — we can find 

{d + n) regular functions wi, - ■ ■ ,Wn,S,ir " jCd over £y such that 

F = {Wiii ■■■id,-- - , Wnil ■ ■ ■ id)- 

Further, each Wi and has smooth vanishing locus and the vanishing locus 
of their product {wi ■ ■ ■ Wn ■ S,i ■ ■ ■ S,d = 0) has normal crossing singularities. 

Note that some ^^i, ■ ■ ■ ,id may be invertible. For more explicit local equa- 
tions for Mi(P",d); see Theorem [5221 

3. COMBIBATORICS OF THE DUAL GRAPHS OF NODAL CURVES 

In this section, we discuss the combibatorics of the dual graphs of nodal 
curves and introduce terminally weighted trees for weighted elliptic nodal 
curves. This combibatorics is not strictly necessary for our presentation, 
but they do make our exposition more intuitive and formulas more elegant. 

3.1. Terminally weighted rooted trees. 

3.1. Let 7 be a connected rooted tree with o its roolQ. The root o defines 
a unique partial ordering on the set of all vertices of 7 according to the 
descendant relation so that the root is the unique minimal element; all non- 
root vertices are descendants of the root 0. We call a vertex terminal if 
it has no descendants; in the combinatorial world, this is also called a leaf. 
Equivalently, a non-root terminal vertex is a non-root vertex that has exactly 
one edge connecting to it. Following this convention, the root is terminal 
only when 7 consists of a single vertex. In the following, given a rooted 
tree 7 we denote by Ver(7) the set of its vertices, by Ver(7)* its non-root 
vertices, and by Ver(7)* its terminal vertices. Note that for any vertex v in 
7, there is a unique (directed) path between o and v; this is the maximal 
chain of vertices o = vq ^ vi ^ ■ ■ ■ ^ Vr = v. 



All trees axe connected in this article. 
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3.2. Next we consider weighted rooted trees. A weighted rooted tree is 
a pair (7, w) consisting of a rooted tree 7 together with a function on its 
vertices w:YcT{'y) called the weight function. A vertex is positive if 

its weight is positive; a ghost vertex is a vertex with zero weight. The total 
weight of the tree is the sum of all its weights. 

In this paper, we will consider only terminally weighted rooted trees. 

Definition 3.3. A weighted rooted tree (7, w) is terminal if all terminal 
vertices are positive and all positive vertices are terminal; it is called stable 
(resp. semistable) if every ghost non-root vertex has at least three (resp. 
two) edges attached to it. 

When the weight w is understood, we will use 7 to denote the weighted 
rooted tree (7,'w) as well as its underlying rooted tree 7 with weights re- 
moved. 





Figure 1. Two trees 
3.2. Operations on terminally weighted trees. 

3.4. For positive d, wc let A^ (resp. A^*) be the set of all stable (resp. 
semistable) terminally weighted rooted trees of total weight d. The set A^ 
is finite, while A^'' is infinite. The set A^* admits the following geometrical 
operations that will be useful for our discussion. 

3.5. The first operation is pruning a tree. Given 7 € A^'', to prune 7 from 
a vertex v, we simply remove all descendants (i.e. those u with u >~ v) and 
the edges connecting the removed vertices. After pruning 7 from v, the new 
graph has v as its terminal vertex. If 7 is a weighted tree, we define the 
weight of V in the pruned tree to be the sum of the original weight of v and 
the weight of the removed vertices; we keep the weights of the other vertices 
unchanged. Note that the resulting pruned tree is terminally weighted as 
well. 

The second operation is collapsing a vertex. Collapsing a vertex v in 7 is a 
two-step process: first merge v with its unique ascendent, removing the edge 
between them and assigning the sum of their weights to the merged vertex. 
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and then prune the resulting tree along all positively weighted non-terminal 
vertices, repeating the process as long as possible. 

The third operation is specialization: it is the inverse operation of a col- 
lapsing. 

The fourth operation is advancing a vertex. Let v be a vertex in 7 and let 

V be its direct ascendant. To advance v, replace every edge connecting v to 
a direct descendant Vi other than v by an edge connected Vi to v and then 
prune the resulting tree along all positively weighted non-terminal vertices, 
repeating the process as long as possible. 



9 ° 9 o 




Figure 2. Operations on weighted trees 



3.6. Instead of drawing a picture, a weighted rooted tree can also be de- 
scribed compactly as follows. Here is an example. Let 

7 = o[a(2),6[c(l),d(l)]]. 

This is a weighted rooted tree whose root is o; the other vertices are labelled 
by a,b,c,d. The vertices inside a square bracket are the descendants of 
the vertex immediately proceeding the bracket; the weights of the terminal 
vertices a, c, and d are indicated in the following parenthesis. Collapsing 
b, we obtain o[a(2), c(l), Advancing 5, we get o[6[a(2), c(l), d(l)]]. 
Advancing a, we obtain o[a(4)]. 
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When the weight function is irrelevant to the discussion, we will drop any 
reference to weights. For example, the above tree 7 would then be written 
as 7 = o[a, b[c, d]] 

3.7. In this compact representation of a tree, pruning a tree from a vertex 
V means removing the bracket immediately after v and assigning it the total 
weight of the vertices inside the bracket. Collapsing a ghost vertex v is 
removing the vertex v as well as the closest brackets "[,]" associated to it. 

Advancing a ghost vertex v is moving all the other vertices located inside of 
the same square bracket as v into the square bracket following v. 

3.8. Observe that advancing can make a stable tree semistable. For ex- 
ample, consider the stable tree o[a[6[d, e], c]]. If we advance b, we obtain 
o[a[6[c, d, e]]], which is semistable but not stable, since the vertex a has only 
two edges attached to it. 

3.3. Monoidal transformations of weighted trees. 

To keep track of the changes of the strata of Mi(P", d) after blowups, we 
need the notion of monoidal transformations of weighted trees. We begin 
with the following. 

Definition 3.9. Let j be a semi-stable terminally weighted tree with root 
o and at least one non-root vertex. The trunk of 7 is the maximal chain 

= vq ~< . . . ^ Vr of vertices in 7 such that each vertex vi with i < r has 
exactly one immediate descendant. 

In this case, we abbreviate the trunk by ov^; we call Vr the branch vertex 

of 7 if it is not a terminal vertex. Otherwise we call 7 a path tree. When 
Vr = o, we say the tree has no trunk. Figure 1 shows two trees: the first one 
has no trunk; the second one has a trunk. 

Let 7 be a tree with trunk oU^. Then 7 can be obtained by attaching 

1 > 1 rooted trees, called branches, 7J, • • • , 7^, to the trunk so that the roots 
of 7^ are direct descendants of Vr- According to our convention, 7 can be 
expressed as 

7 = ov^[j[, . . . ,7^] := o[vi[- ■ ■ [vr[j[, ■ ■ ■ ,7^]]]]. 
The tree 7 has no branches if and only if it is a path-tree. 

Definition 3.10. Lethi{'~f) denote the number of branches of^. We call ^ 
simple if all of the branches are stable. 

Definition 3.11. A monoidal transform of a simple terminally weighted tree 

7 is a tree obtained by advancing one of the immediate descendants of the 
branch vertex of^, if ^ has a branch vertex. We denote the set of monoidal 
transforms of ^ by Mon{'j). 

Note that every tree in A^ is simple, and if 7 is a simple tree, so is every 
monoidal transform of 7. 
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Lemma 3.12. Let j be a simple terminally weighted tree and 7 G Mon{'y). 
Then either br(7) = 0, which is when j is a path-tree, or hr{^) > hr('y) + 1. 
The same conclusion holds when j is a collapsing of ^ at a direct descendant 
of the branch vertex. 

Proof. If 7 is the result of advancing a direct descendant v of the branch 
vertex u of 7 and v is not terminal, then the direct descendants of in 7 
are the direct descendants of u in 7 and the direct descendants of u in 7 
other than v. Furthermore, v is the branch vertex of 7 in this case; thus, 
br(7) > br(7) + 1. On the other hand, if v is terminal in 7, then 7 is the 
path from o to v in 7. The proof of the second statement is similar. □ 

3.13. To index the strata of the various blowups of Mi(P", d), we introduce 
the following. We set ^d,[i\ = and define ^d,[k] inductively for k >2: 

^d,lk] = {7 e Ad,[fc_i]|br(7) > A:+1}U{7 E Mon(7')|7' G Arf,[fc_i], br(7') = k}. 

Lemma 3.14. For any 7 E ^d,[k] with 1 < k < d, either br(7) = or 
A; + 1 < br(7) < d. In particular, [^] consists of path trees only. 

Proof. First, the fact the total weight of a terminally weighted tree 7 is d 
implies that br(7) < d. The assertion of the lemma holds for k = 1. On 
the other hand. Lemma 13.121 implies that if the assertion holds for k, then 
it also holds for k + 1. □ 

3.4. Terminally weighted trees of weighted nodal curves. 

3.15. Let C be a connected nodal genus one curve. We associate to C the 
dual 7^, with vertices corresponding to the irreducible components of C and 
the edges to the nodes of C. Since the arithmetic genus of C is 1, either 7^ 
has a unique vertex corresponding to the genus one irreducible component 
of C or 7^ contains a unique loop. In the first case, we designate that 
vertex the root of 7^; in the latter case we shall contract the whole loop to 
a single vertex and designate it the root of the resulting tree. We will call 
the resulting rooted tree the reduced dual tree of C and denoted it by 7c. 

3.16. Next we consider a weighted nodal genus one curve (C, w). The weight 
w induces weights on the vertices of the dual graph 7^ of C. If 7^ contains a 
loop, then upon contracting the loop, we assign the resulting root the total 
weight of the loop. This way, we obtain a natural weighted tree {jc^w') 
associated to the weighted curve {C,w). 

In general, the 7c with this weight function may not be terminally weighted. 
If not, we can prune 7c along all positively weighted non-terminal vertices 
to obtain a terminally weighted rooted tree. We call the result the termi- 
nally weighted rooted tree of {C,w) and denoted it by (7c, w). In the case 
that (C, w) is understood, we shall write it simply as 7. 

Following this construction, each terminal vertex f of 7 is a positively 
weighted vertex of 7^. We let be the union of all irreducible components 
of C whose associated vertices v' (in 7^) satisfy v ^ v' . Then, Cy is a tree 
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of rational curves. Further, if 7 has zero weight root and vi, - ■ ■ ,Vk are its 
terminal vertices, then C — uf^j^C^. is the maximal weight zero connected 
subcurve of C that contains the core elliptic curve. 

3.5. A stratification of Mi(P",(i). Any stable map [u,C] € Mi(P",d) 
naturally gives rise to a weighted nodal genus one curve {C,w), where the 
weight of an irreducible component of C is the degree of the map u on that 
component. We will then call the associated terminally weighted rooted 
tree of (C, w) the terminally weighted rooted tree of the stable map [u]. We 
denote it by (7[„] ,w). It is stable. 

Definition 3.17. For any 7 € Ad, we define Mi(P"^, d)-y be the subset of all 
[u] G Mi(P'*,(i) whose associated terminally weighted rooted trees is 7. 

Lemma 3.18. Each Mi(P",d)^ is a smooth, locally closed substack of 
Mi(P'*,(i); together they form a stratification of Mi{F'^,d). 

Proof. Suppose 7 G has i terminal vertices, indexed by 1, • • • ,i and of 
weights di,--- ,di > with Yli=idi — Without the weight, 7 is the 
reduced dual graph of some genus 1 nodal curve. We denote by the 
stratum in Mi^£ consisting of stable genus 1 curves whose reduced dual 
graph is 7 with terminal vertices replaced by the corresponding marked 
points. Then Mi(P"',d)^ is (up to equivalence by automorphisms) 

e 

{{[Co,Pi, [ui,Ci,qi]i) eM^x JjMo,i(P",di) I Ulipl) = ■■■= Uiipe)}. 

i=l 

Since P" has ample tangent bundle, Mo,i(P", di) smooth and the evaluation 
morphisms Ui are submersions. Hence Mi(P"',d)-y is smooth. □ 

4. The Structure of the Direct Image Sheaf 

In this section, we state and prove structure results of the direct image 
sheaf 7r*/*^pn(A:). 

4.1. Terminology. 

Definition 4.1. Let C be a proper nodal curve with arithmetic genus g > 0. 
We call a node q of C a separating node if C — q is disconnected. Similarly, 
we call an irreducible component S C C a separating component if C — T, is 
disconnected. 

Along the same line, we introduce 

Definition 4.2. An inseparable curve is a connected curve with no sepa- 
rating node; an inseparable component of C is an inseparable subcurve of C 
that is not a proper subcurve of another inseparable subcurve of C. 
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4.3. We say that a (separating) node q separates x and y G C if x and y 
lie in different connected components of C — q; we say that the node q lies 
between x and y in this case. We let A^[x,j/] be the collection of all nodes that 
lie between x and y. This notion extends beyond nodes: for any smooth 
point t € C, we denote by Ct the inseparable component of C that contains 
t; we say t (or Ct) separates or lies between x and y € C if x and y lie in 
different connected components of C — Ct- 

4.4. For a nodal elliptic curve C and two distinct smooth points a and b on 
the core of C, we have 

(4.1) h^{C,ffc{a-b)) =0 and h\C , {a - b)) = 0; 
for any point (5 of C distinct from a, b, we have 

(4.2) h^{C,ffc{S + a-b)) = 1 and h\C, ffc{S + a - b)) = 0. 

4.5. Let X be a scheme, D a Cartier divisor of X, and Z a closed subscheme 
of X. We wiU write ^z{D) for the restriction ^x{D)\z- 

4.2. The first reduction. 

4.6. Our aim is to describe the structure of -7r*/*i^pn(A;); we let m = dk in 
the rest of this section. When we investigate the structure of Mi(P" , d) via 
7r*/*^pn(l), we will specialize to m = d. 

4.7. Consider the substack 2)™ of the Artin stack Di of pairs (C, D) of nodal 
elliptic curves with effective degree d divisors D C C. Let (C, D) G Dj" be 
a point with the divisor D simple and supported on the smooth locus of C. 
We let V —>■ be a smooth chart containing {C,D). Again, let (C,P) be 
the tautological family over V with (Co,Po) = {C,D) for some point € V 
and p : C —<■ V he the projection; set ^ = iP'd'D). As in 12.151 we choose 
a general section A of C/V and this time around also an additional general 
section B of C/V such that they are disjoint from T> and pass through the 
core of every fiber of C/V. This is possible after shrinking V if necessary. By 
the Mittag-Leffler exact sequence, the sheaf over V is the kernel sheaf 
of 

(4.3) ^P : p.^iA) ^ pMA). 

4.8. The complex of locally free sheaves of ^y-modules 

[R'] = [p,^{A)^pMM 

has sheaf cohomology [R'p^:^]. Further, for any scheme g : T ^ V with 
the induced family 

Pt:Ct = CxvT — >T and Vt = VxvT, 

since p^:^{A) = R^ p,^iff_A{-^) = 0, by cohomology and base change, 

R'pT,^cA'^T)^h\g*[R']). 
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4.9. To get hold of the sheaf 7r^:f*0'pn[k), we shall study the local structure 
of the homomorphism ()4.3p . As in I2.12ll2.14^ we only need to consider the 
case that D is a smooth simple divisor on C; we will assume that this holds. 
We may also assume that V is affine. After shrinking V and an etale base 
change if necessary, we may assume that P = X^^^i^i, where {T^i} are 
disjoint sections of the family C/V. To the sheaf ^ = 0'c{'D), the standard 
inclusion C &c{T^) provides us a section 1 G r(p*^), called the obvious 
section. To capture other sections, we consider the inclusion of sheaves 

= ffc{Vi + A~B)^J^ = &c{T^ + A-B) 

and the induced inclusions 

rji : p^J^i p*^. 

Both are locally free since R^p^^^i and B} p^^ = by ()4.2|) . By Riemann- 
Roch, p,f^i is invertible and the rank of is m. We then let 

^ : p^Ji — > (^^(P ^A-B))=p^ {«^a{A)) 

and 

ipi : p^Jii — > (^^(A ^A-B))=p^ (^.a(^)) 

be the evaluation homomorphisms. Obviously, ipi = ip o r]i. Since V is 
assumed affine, the sheaf p=i,(^yi(^)) = 

Lemma 4.10. We have 

(1) p,^ ^ e p.^{-B); 

(2) p^^i-B) ^ ker ip; 

(3) : p*^i — > p^^ is an isomorphism, and ©^iV'i = 

Consequently, the sheaf p*.if is a direct sum of with the kernel of the 
homomorphism 

m 

(4.4) © tpi : p^^i — > ^y. 

i=l 

Proof. Taking the direct image of the exact sequence 

ffc{V -B)^ ffc{V) ffB{V) 0, 
we obtain the exact sequence 

pMt^-b)^ p.^c{'D)^pMv). 

Clearly, p^^is{T>) = ^y. Also, a is surjective because the obvious section 
1 G r(p*^c(I')) maps surjectively onto p^i?i3{T)). Finally, because V is 
affine, Ext^(^y, p*^c(^ — B)) = 0. Therefore, the sequence 

p,&c{V -B)^ pMV)^p,&b{V) 

is exact and splits. This proves (1). 
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The second is obvious. We now obtain the third. Since both sheaves 
p*^i and are locahy free, we only need to show that for any closed 

z G V, 

e™ ® k(2;) ^ ® k(2;) 

is an isomorphism. Because of and ^ are zero, by base change, 

this is equivalent to that the tautological homomorphism 

m m 

7y,(z) : (C,, ^c. (A + ^ - S)) (C„ ^c. + ^ - B)) 

i=l i=l 

is an isomorphism. Because both sides are of equal dimensions, it suffices to 
show that it is injective. For this, we look at the composite of (B'r]i{z) with 

4>j{z) : H^C, ffcA'^ + A-B))^ H\e, n Vj, ^c.nv,{V + A-B)). 

Obviously, (j)j{z) o r]i[z) = for i ^ j and is an isomorphism for j = i. 
This shows that ©^x^«(-^) injective. This proves the last claim of the 
lemma. □ 

4.11. The homomorphism 

then is completely determined by the homomorphism 

(4.5) (By^i -.^p.J^i^ p,{ffA{'D + A-B)) ^ p^ff^iA). 

The homomorphism 

(4.6) ifi : p^.J^i — > p^^A^A) 
will be our focus in the next subsection. 

4.3. The homomorphism 99^. 

4.12. Our strategy is to find an explicit expression for yjj so that its van- 
ishing locus has precise geometric meaning. For this, we need some regular 
functions associated to the smoothing of nodes. By the deformation theory 
of nodal curves, for each separating node q € C there is a regular function 

E r(^v) so that Sg = {Cg = 0} is the locus where the node q is not 
smoothed; the divisor is an irreducible smooth Cartier divisor. 
For any 1 < z < m, we introduce 

(5i = A n C and a = Ar\C. 

We then collect all the nodes q that lie between bi and a (cf. 14. 3p and form 
the product of their associated functions Qq. 

(4.7) cm= n ^<i- 

In case iV[5^^<j] = 0, we set C[5„a] = 1- 
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Proposition 4.13. There are trivializations p^^^i = Gy and = 
such that the homomorphism (pi is given by 

(4.8) (fi = CiSi,a] ■■ P*-^i ' p*GAiA). 

Proof. Since V is afHne, we fix a trivialization p^^i = Gy, and keep the 
trivialization p^G'j\^{A) = mentioned before. This way, 

Then the proposition is equivalent to that as divisors, 

(4.9) ^-\o)= J2 c,-'(o)= 

We next let : i? — > V be either a point or a smooth affine curve, we let 
ttr : Cr ^ R he Cb = C xy R over R, and let 

VR^i = ViXvR, Ar = Axi;R and BR = BxyR 

be the corresponding pull back divisors. Since R^p^^i = 0, by cohomology 
and base change, the natural homomorphism 

r]*p,^, = i]*pMVi -B + A)^ 7rR,Gc„{VR,i -Br + Ar) = Gr 
is an isomorphism. Finally, let ipR^i be the composite 

(pR^i : V*P*^^i^T^R*^Cn{T^R,i -Br + Ar) > T^R^^AniAR) = Gr. 

Then, if i? is a smooth curve not contained in (p~^{0), as divisors, 

V-\^-\0)) = ip-^,iO) C R. 

We now prove the claim. First let be a smooth point away from 
LJqg7V[^^jSg. Then Ar, Br, and VR^i lie in the same inseparable compo- 
nent of Cr. Therefore TTR*{Gcn{VR^i — Br)) = and ipR^i / because 

keT{(pR,i} = 7rR*(^c«(^iJ,i - Br)) = 0. 

If i? is a smooth point in Hq for some q G N^s,a] j t^isn Br and VR^i lie in 
different inseparable components of Cr. This time, iTR^:{GcRiPR,i — ^r)) — 
0R. Therefore, for the same reason as above, ipR^i = 0. This proves that ipi 
vanishes exactly along UggATj^ a]^i- 

It remains to show that (pi vanishes at first order only along T,q, q e N[Si,a] ■ 
To prove this we only need to study (pi near a general point p G Sg. We 
let C V be an affine curve passing through p and transversal to Eg at 
p = R r\T,q. After shrinking p & R if necessary, the family Cr ^ R is 
the blowup of a family of smooth elliptic curves ttr : Er — > i? at a point 
q e Ep = Er XRp. 

We let ^ : Cfl — > Er be the projection and let J^q C Cp be the rational 
component, which is also the exceptional divisor of Cr. Let A = ^{Ar), 
B = ({Br), and Di = ({Vr^i) be the image divisors in Er. Then 

C\A) = Ar, C\B) = Br, and C\Di)=J'Q + VR,i. 



LOCAL STRUCTURES AND DESINGULARIZATION OF Mi(P",d) 17 

Further, since ^'^^{'Dji^i + Tq) = Oj^q, the cokernel of the inclusion 

(4.10) TTR, {'DR,^ -Br + Ar) TTR, {Vr^, +Tq-Br + Ar) 

is '/rij*^jro(^^H,i + -^o)) which is isomorphic to k{p). Therefore, since 93R,i|p = 
0, ipR^i factors through a homomorphism (j) as shown in the commutative 
diagram 

^R*^Cn{'^R,^ +Tq-Br + Ar) ttr^A) ^ Gr 



TrR*^Eii{Di - B + A) > 7TR^.«yA[^) = ^R- 

Since the lower horizontal arrow is an isomorphism, (p is an isomorphism. 
Combined with that the cokernel of ()4.10p is k{p), this proves that (pR^i has 
precisely order one vanishing at p E i?. □ 

For the convenience of reference, we record an immediate consequence of 
Proposition 14.131 

Corollary 4.14. There are trivializations p^^^i = and p^f^jS^A) = Gy 
such that the homomorphism ip is given by 

m 

(4.11) e Pi : ^p^^'^i — > P*Ga{A), Pi = C[5„a]- 

4.15. The homomorphism (|4.1ip can be further simplified. Recall that V is 
a neighborhood of (C, D) e 2)™ C Di. The pair (C, D) induces a weighted 
curve {C,w) with w = ci{D). We let 7 be the terminally weighted tree of 
(C, w) with terminal vertices 

Ver(7)* = {1, • ■ ■ ,£}. 

According to our convention, each non-root vertex v G Ver(7) corresponds 
to a connected subcurve Cy C C (c.f. §3.4p : on the subcurve Cy there is 
a unique separating node g of C that separates Cy and the remainder part 
C — Cy. We call this node q the node associated to v. With such node 
identified, for each vertex v we define 

C. = G r(^v), 

where q the associated node of v. For any terminal vertex i G Ver(7)*, we 
let 

C[i,o] = n 

i>2vyo 

Theorem 4.16. The direct image sheaf p^^ is a direct sum of ^"^ 
with the kernel sheaf of the homomorphism 

(4.12) e Pi : Gf ^ ^v, Pi = C[i,o]- 

i=l 
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Proof. We express D as Y^JLi '^i' ^^'^ continue to denote by fi, • • • ,Vi the 
terminal vertices of 7. By our construction of the terminally weighted tree 7 
of the weighted curve (C, w) of the pair (C, D) (cf. ^3.4p . each Vi is associates 
to a connected tree C„- of rational curves; there is a unique irreducible 
component D^. of Ct,. closest to the core of C. Again, by the construction 
of 7, at least one of {(5j}JL^ lies on D^.; we pick one and index it by 6i. 
Further, for every 5j,l < j < m, there is 1 < i < £, such that 6i is between 
the point a (of the core curve of C) and 6j {6i and 6j can be on the same 
irreducible component). This shows that C[(5i,a] lC[<5j,a]; thus, every C[5j,a] is 
divisible by one of C[5i,a],- - - ,C[ 5e,a]- 

Thus in the expression (14.111) . we can choose a new basis for 0^- p^^j so 
that with respect to the new trivialization 

m 

i=i 

the homomorphism = (fi has the form 

ip= © (^i © : — > Gy. 

i=l 

Together with Lemma [4. 101 and Corollary 14. 141 this proves the theorem. □ 

5. Local Equations of Mi(P",(i) and its Desingularization 

In this section, we prove the theorems stated in §2. In the meantime, we 
describe local defining equations for Mi(P"',d) in terms of weighted trees. 

5.1. Proof of Theorem 

5.1. Recall that in Theorem 12.161 for any [u,C] G Mi(P"',(i) we first pick 
a small open subset [u,C] G C/ C Mi(P",d) and a homogeneous coordinate 
[xo, • • • , Xn] of P" so that the pull back divisor 5 = [xq = 0] is a family of 
simple divisors on the domain family X of the universal family / : ^ P" of 
U; the family X coupled with the divisor f~^[xo = 0] defines a tautological 
morphism U — > S)f C We next pick a smooth chart V 2)i so that its 
image contains the image of C/ — > Si. Let U = V x^q-^U. 

Theorem 12.161 There is a canonical open immersion U ^ (F = 0) C £y. 

Proof. We continue with the notation introduced in §2. For instance, (C, V) 
is the tautological family over V. We set 

A:' = A:xuU, V' = Sy.uU. 

By the universality of Si, 

X' = exvU, V' = VxvU. 
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We use a and d to denote the induced horizontal maps in the square 

X' C 

(5-1) 

U V. 

Likewise, we denote ££' = G^'ip') and = ^c(^)- Then ££' = a* . 
We now construct the promised open immersion 

(5.2) II -.U — >£v 

We let /' be the composition of the projection X' ^ X with f : X ^ P"; 
let Si = f'*{xi), < i < n, be the pull back sections in T{-k'^^'). According 
to our convention, sq = f'*{xo) is the section 1 induced by the inclusion 
^X' C = i^x'{T^')- This way, all other Sj, i > 1, are canonically defined. 

As mentioned in 12. 15^ we have a section A of C/V. Its pull back section 
in X' is A! = AxyU. Because p^J('{A) = 0, by the cohomology and base 
change theorem, we have canonical isomorphism 

(5.3) a*p,^{A) ^ K^'iA'). 
We let 

L : vrlif' <^'{A!) = a*p,^{A) 

be the inclusion. Then i{si) is a section of a* p^^{A). On the other hand, 
since fy is the vector bundle p^^{A)®'^ , defining a V-morphism p -.U —>■ 
is equivalent to giving a section of the pull back sheaf a*£\; = a*p^:^{A)®^. 
We define the morphism p in (|5.2p to be the one induced by the homomor- 
phism 

(5.4) t{s) = {l{si), • • • , L{sn)) : aV,^(^)®". 

To complete the proof, we need to show that p factors through (F = 0) C 
£\; and the factored morphism p' : U ^ {F = 0) is an open immersion. 

We first check that p factors. By definition, p factors if the pull back 
p*{F) = 0. Let p : £\; ^ V he the projection. By definition, F is the 
composite 

F : ffe^ -l^p*p^^(Af- ^p*p^^^^fn^_^)^ 

where 1 is the tautological section and r is the restriction homomorphism. 
Therefore, p*{F) is the composite 

''■^^ a*p*^(>i)®" "-^ a>.(^(>i)®"U). 

Since a = po p, p*{l) is the composite 

^ a*p,^®'' a*p,^{A)®''. 

Therefore p*{F) is the composite 

ffu ^ a*p,^®'' ^ a*p,^{Af'' p*p*p,{^{A)®''\a). 
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Since o t = 0, we get /u*(F) = 0. This proves that n factors through 

fi' -M — >{F = 0)C £v- 

We next prove that /i' is an open immersion. We let Z = (F = 0) C £'v 
and let r : Z — > £^ be the tautological immersion. Because £\; is the total 
space of the vector bundle p^^{A)®^ on V, the morphism r is equivalent 
to giving a section (homomorphism) 

At the same time, t*{F) = is equivalent to the vanishing of the composite 
of the homomorphisms: 

(5.5) &z ^ T*p*p,^iA)®'' rV/0*(=^(^)®"U)- 

We remark that because a = p o r o by the universality property of 
morphisms to S\;, 

(5.6) fi'*{sr) = i{s) : p'*T*p*p,^{A)®'' = a*p,^{A)®''. 

To continue, we will show that the vanishing ()5.5p provides us a family 
of stable morphisms parameterized by an open subset of Z that contains 
p'{U). We let 

Cz = CxvZ, Vz = VxvZ, Az = AxvZ, and ^" = ^Cz(^z). 

Because R^p^J^'{A) = 0, by the cohomology and base change theorem, we 
have the canonical identity 

r(z,rVp*^(^)®") = r(Cz,^"(^z)®"). 

This identity transforms (15. 5p into 

(5.7) ffcz ^^"{Azf''^^"{Azf''\Az- 

Because r" o s" is zero and the kernel of the second arrow is s" 
factors through a unique homomorphism 

(5.8) ," = (,;v--,4):^cz^^"®". 

Let s'^ be the section 1 of C ^" = ^CzC^z)- The (n + 1) sections 
Sq, - ■ ■ , s" considered as sections of on Cz define a morphism 

(5.9) [4', ...,<]: \ {4' = •••=< = 0} ^ P". 

To analyze the domain of this morphism, we notice that due to (j5.6p , the 
morphism 

(5.10) [so,--- ,Sn] = Kr-- ,<]o^':^' = A'X[7Z^ = Cxv?7^P", 
where p' is the lift of p' to X'. Therefore 

Cz xz p'{U) c Cz \ {4' = ••• = < = 0}. 

Because Cz ^ ^ is proper, there is an open W C Z containing p'{U) so 
that 

Cw = CzXzW cCz\ {4' = •■• = < = 0}. 
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We let 

fw-Cw^ 

be the restriction of (15. 9p to Cw- Finally, because restricting to fJ-'iU) this 
morphism is a family of stable morphisms, possibly after shrinking W D 
fj.'(U) if necessary, fw is a family of stable morphisms. 
We let 

1] : W — > Mi(P",ti) 

be the tautological morphism induced by the family f]y. Because of the 
identity ([5T0]) . the composite of fj,' : U ^ W with r] : W ^ Mi{F'',d) is 
identical to the projection U = V x^-^ U — >C/ C Mi(P", d). Therefore, if we 
let 

Wo = r]-HU), 
Wq C Z is open and fi' factor through 

H" :U — > Wo. 

We claim that, with Wq C Z endowed with the open subscheme structure 
of Z, the morphism fi" is an isomorphism. To prove this, we will construct 
the inverse of fj," . Let ij" : Wq — > C/ be the morphism induced by r/. Because 
the composite r]" : Wq U with the tautological U — > S)i is identical to 
the composite of por : Wq ^ V with V — > the pair {r]",poT) lifts 

to a morphism 

C" -.Wo — >U = V xj,, U. 

Because of the identity (|5.10p . the composite rj o fi" is identical to the pro- 
jection U ^ U . This implies that C," ° = id^. On the other hand, 
lioQ" : Wq £\; is exactly the inclusion Wq —>■ fy, again due to the identity 
(jS.lOp . therefore fj," o (" = idwo- Thus fj," is an isomorphism. This proves 
the theorem. □ 

5.2. Local defining equations of Mi(P",(i) restated. 

5.2. The local equation F = of Theorem 12.161 admits an elegant form 
in terms of the terminally weighted tree 7 E of the associated weighted 
curves which we now describe. 

5.3. Given a terminally weighted tree 7, there are three equivalent ways to 
describe the local equation near the stratum Mi(P", d).y. 

The first is in a direct form: to every non-root vertex a G Ver(7)*, 
we associate the coordinate function of A"*^ indexed by a: Za G T[0'j^). 
To a terminal vertex b G Ver(7)*, we associate n coordinate functions 
Wb,!, ■ • • ,Wb,n € r(^Ai). We then set 

$7 = (^'7,1, • • • ,^7,")' ^7,e = X] ^[hA'^b,e, Z\^b,o\ = 

fe6Ver(7)* fe^a^o 

We make a convention that if 7 = o, we define ^o,e = We and hence <&o = 

(Wl, • • • ,Wn). 
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The second is by induction on 7 / o. If a is a terminal vertex, we set 
^a,e = Wa,e with Wa,e ss before. If J = o[7i, • ■ ■ ,7j] with 7i G having 
roots Vi, then set 

The third is in terms of the bracket representation of 7. Each $^^e is 
derived from 7 by dropping the root o, replacing each ghost vertex a by its 
associated function Za, replacing each terminal vertex b by ^5-7/75 g, replacing 
"," by "+", and replacing "[" "]" by "(" ")". The resulting expression <I>^,e 
is identical to the one from the second method. 

Example 5.4. Take 7 = o[a, 6[c, d]] (see the first tree in Figure 1). The 

domain of a generic f in Mi(P"', d)-y has a genus-1 ghost component labelled 
by the root 0, a genus zero ghost component labelled by b, and three rational 
tails labelled by a, c and d, respectively. The tails a are attached to the genus 
1 ghost component. Tails c and d are attached to the rational component b. 
By the first approach, 

*7,e = ZaWa,e + ZbZcWc,eZb + ZbZdWd,eZh- 

By the second, 

^7,e = ZaWa,e + Zb^b[c,d\ = ZaWa,e + Zb{ZcWc,e + ZdWd,e)- 

By the third, 

*7,e = ZaWa,e + Zb{ZcWc,e + ZdWd,e)- 

5.5. We now describe the local model of the singularity type of Mi(P",c/) 

near Mi(P",(i)^. We let 

V^= JJ ^ A'^ and E^ = V^x{ J| A^)^" ^ A'*+'*^ 

aeVer(7)* 6eVcr(7)* 

where h (resp. tj is the cardinality of Ver(7)* (resp. Ver(7)*). The expres- 
sions $-y^e then become regular functions on after we identify Za with 
the coordinate function of the a-th copy of noeVer(7)* ^ identity Wb^e 
with the coordinate function of the 6-th copy of n6eVer(7)< ^ '^^ ^"^^ 
component of the product (•)^'*. 
We define 

(5.11) = {{Za,Wb^e) G I (^^^e{z,w) =0, 1 < 6 < n}. 

We then define the type 7 loci in to be 

^0 ^ |(^^ w) (^Z^\za = ^ for all a G Ver(7)*}. 

Definition 5.6. We say a DM-stack S has singularity type 'j at a closed 
point s E S if there is a scheme y eY and two smooth morphisms qi :Y ^ S 
and q2 :Y ^ Z^ such that qi{y) = s and q2{y) £ Z^. 

We have 
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Theorem 5.7. The stack Mi(P", d) has singularity type 7 along Mi(P", d)^. 

Proof. Let [u,C] G iVfi(P",d) be a closed point with associated terminally 
weighted rooted tree 7. We let U = V x^^^ U —> V be as in Theorem 12.161 
Theorem 14.161 provides trivializations 



P,^{A) ^ ( e ^v) e < 

6eVer(7)* 



(d-e+1) 



SO that the restriction homomorphism 

r : p,^{A) ^ p4^{A)U) 

is given by 

© Cffe oi e : ( e ^v) e ^®^'^"^+^^ 

6GVer(7)t ' 6GVer(7)t 

The composite homomorphism 

feGVer(7)* 6GVer(7)* 

induces a morphism 

6GVer(7)* 

the regular functions define a morphism 

(5.12) </)= J] Ca:V^( n ^')=^7- 

aGVer(7)* aGVer(7)* 

Together, they define a morphism 

(5.13) 4>:Sv^Vx{ Yl AY''^E^ = V^x{ AY""- 

6GVer(7)' fegVer(7)* 

We comment that since deformations of nodal curves are unobstructed, the 
morphisms <j) and (j) are smooth. 
By Theorem 14.161 

(5.14) ^(^7) = ^- 
This proves that 

is smooth, since (j) is smooth. 

Finally, because U Mi(F"',d) is smooth and U ^ {F = 0) C £v is an 
open immersion, and thus smooth, the composite 

(5.15) U — >{F = 0) c£v — > Z^cE^ 

is smooth. Also, it is clear that a lift € U oi [u] € Mi(P",d)^ is mapped 
to a point in Z^. This proves that Mi(F'^,d) has singularity type 7 at 
[n,C]. □ 



24 YI HU AND JUN LI 

5.3. A stratification of a blowing up of Z^. 

5.8. For the purposes of keeping track of blowups of Mi(F'^,d), we need 
to classify the singularity types of the blowups of Z~^. Such types will be 
classified by simple weighted rooted trees that are monoidal transformations 
and collapsings of 7. 

5.9. Wc first classify the singularity types of the for a simple 
terminally weighted tree 7. The singularity type of defined 
by its associated tree 7^. Let x E (resp. G V^) and let x = (zajW^) 
(resp. X = {za)) be its coordinate representation. The non-vanishing of Za 
identifies a subset of Ver(7)*: 

4 = {a G Ver(7)* | Za ^ 0}. 

We let jx be the collapsing of 7 at vertices in I^. 

Lemma 5.10. The scheme has singularity type jx o,t 

Proof. This is a direct check. □ 

5.11. We now investigate the blowing up of Z^. Let 

e = {a; G I the root of 7x is the branch point and br(7x) = k}. 

It is clear that n^^e is smooth and locally closed. In general, the closure 11^, fc 
of ti'y^k in ^ is quite complicated. However, in the case when br(7) > k, 
Il-y^jfc is smooth and bears a simple description. 

Lemma 5.12. Let ^ be a simple tree and k > 2. Ifhv^j) = k, then Hj^k 
consists of all X G Vy such that br(7x) = k. // br(7) = or br(7) > k, then 

n^,fc = 0. 

Proof. Let o ~< vi -< ■■■ -< Vr he the trunk of 7 and let ai,--- ,0^ be 
the direct-descendants of the branch point Vr- Then consists of those 
X = {za) so that 

Zvi 7^ 0) ■ ■ ■ ) ^Vr 7^ ^1 ^ai = 0, • ■ ■ , Z(x^. = 0. 
Its closure is given by the vanishing of all Za^ : 

(5.16) n^,jk = {zaj^ = ... = = 0}. 

By the definition of 7^;, x G 11^^^ if and only if br(7-i;) = k. The second claim 
is clear. □ 

5.13. We now consider the blowup of Vj along 11^ j. in the case br(7) = k. 
We let 

7 = olv[7i,- • ■ ,lk]= o[vi[- ■ ■ [vr[ji, ■ ■ ■ ,7fc]] •••]], 
and let ai be the root of 7^; thus, ai, • • • , are the direct descendants of 
the branch point Vr of 7. Accordingly, 

(5.17) ^j,eiz,w) = {Zy, ■ ■ ■ Zy^){Zai^ji,e + ■■■ + ^afc*7fc,e)- 
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We denote the blowup of Vy along 11^^^ by V^jfc] and define 

The scheme -Z^-yj^] is a subscheme of x p'^"! defined by the equations 
ZajUi = Za^Uj for 1 < i,j < k. (Here [ui,--- ,Uk] is the homogeneous 
coordinate on P'^^^.) In the affine open subset {ui = 1}, we have z^j — Zq^^uj 
for j 7^ i. Thus, over this chart, Z^^^^ is defined by 

(5.18) (Z^, • • • Z^J • Za,(^>7„e + ^Uj$^^.,e) =0, 1 < 6 < n. 

There are two cases. If 7i is a single-vertex tree, then ()5.18p becomes 

(5.19) {z^^---Z^^ZaJ{Wa^^e + ^Uj^'Yj,e) =0, I < 6 < n. 

After introducing Wa^^e = Wa„e + Yjj^i^3^i],e, (|5.19p becomes 

(5.20) • • • Zv^ZiWai,e = 0, 1 < 6 < U. 

This is the system associated to the tree 7' = oTv[aj], a path tree containing 
vertices o, f 1 , • • • , , . It is also the advancing ai in 7 and thus is in 
Mon(7). This shows that -Z'^,[fc] H {«i = 1} = Zy. 

If 7j is a nontrivial rooted tree and is of the form ji = ai[y[,--- ,7^], 
where m > 1 because 7 is simple by assumption, the system ()5.18p becomes 

m 

(5.21) {z.ui- ■ ■ Z^^) ■ Za^(^Zh^^Y^^e + '^Uj^-yj,e) =0, 1 < 6 < n, 

s=l j^i 

where hg is the root of 7^ . After replacing Uj by zi). , (noticing that the system 
(j5.2ip does not contain the variables this is the system associated to 
the tree 7' that is obtained from 7 by advancing the vertex Cj. This shows 
that -Z7,[fc] n {"^i = 1} = Z^ . 

The above yields the following statement. 

Lemma 5.14. 7/7 is a simple terminally weighted tree such that br(7) = k, 
then the blowup Z^\^^ of Z^ can be covered by open subsets isomorphic to 
Zy with 7 G Mon{"f). 

5.15. We remark here that in the case of (j5.2Up . the vanishing locus 

Wa,,l ■ ■ ■ Wa„n ■ Z^^ ■ ■ ■ Z^^ = ^ 

has normal crossing singularities. 

Example 5.16. Consider ^ = o[a, 6[c, d]] . Then we have 

$^,e = ZaWa^e + Zb{ZcWc,e + ZdWd,e), I < k < U. 

We blow up along the locus {za = Zb = 0}. The blown-up is a subspace of 
Zy xP^ defined by equations ZaU^ = z^Ua, where [ua, u^] are the homogeneous 



26 YI HU AND JUN LI 

coordinates o/P^. In the ajfine open subset Ua = 1, the equation <I>^^e = 
becomes 

Za{Wa,e + Ub{ZcWc,e + ZdWd,e)) = 0; 

it has normal crossing singularities, and the resulting system is associated 
to the tree o[a], the advancing of a of o[a,b[c,d}^. In the affine open subset 
Ub = 1, the equation $^^e = becomes 

this is the system associated to the tree o[6[a, c, d]], the advancing of b of 
o[a, 6[c, d]] . 

5.4. Local equations ofMi(P",d). 

5.17. We begin with recalling the notations and facts about the blown- 
up Mi(P",d). In 12.51 we introduced 0^ that is a smooth locally closed 
substack of SJl™* of ghost core elliptic curves attached on k distinct smooth 
points with A;-rational tails; Gfc is the closure of Qk- In 12.61 we successively 
blow up 9Jl|'* along proper transforms of 0^. Inductively, after obtaining 
^I'jfc-i]' blow it up along the proper transform Qk,[k-i] C °^ 
Qk C TljK We denote by 0^^^] C ^Xlk] Proper transform of 0^. We let 

C ^Xlk] be the exceptional divisor of the ^^Ik] ^ ^"[fc-i]- Finally, 
we denote the resulting limit stack. 

As the image of Mi(P", d) — > OJt^* is disjoint from 0^ for /c > d, the fiber 
product Mi(P"', d) can be defined after d-th blowing up of 

Ml(P", d) = Ml(P", d) Xg^jw. TT^^^y 

To pave a way for our proof, we also need to record the intermediate blowup 
spaces. For this, we introduce for k>\ 

Ml(P", d\k] = Ml(P", d) Xg^jw. mjl^y 

5.18. Recall that is the index set for the canonical stratification Mi (P", d) 
U ^gArf ^ i(P", d).y. We set A^^ [i] = A^ and defined A^ [^j inductively for /c > 2 
in Msl 

Lemma 5.19. To each closed point s € Mi(P",d)[fc] we can find a graph 

7 ^ ^d,[k] ^'^^ ^ smooth morphism q^^i : Wy Mi(P",d)[fe] whose image 
contains s of which the following holds: 

(i). there are smooth chart — 97^™*;.] and smooth morphisms g^^2; 4''); 
ip^, and p.^ shown below, making the diagram commutative 

Mi(P",d)[fc] 

p-i 

< yy > -'-"-l,[A;]' 
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(ii) for any i > k + 1, 



^i,[fc] 



Proof. The proof is by induction on A;. In the case k = 1, the desired 
morpisms are provided in the proof of Theorem 15.71 Suppose k > 2 and 
the lemma holds for a closed point s S Mi(P",(i)[fc_i]. Let W-y etc., be the 
corresponding data provided by the statement of the lemma. 

If br(7) = or br(7) > k, then 7 G ^d,[k+i]j while by (ii) with k replaced 
by — 1 and Lemma 5.12 



Thus, s does not lies over the blowing up center of 9Jt]^*^_^p and is in 

Mi{F^,d)[^. By shrinking if necessary, the morphism q^^i (provided 

by the inductive assumption) lifts to Mi(P",d)jjt] and the A;- version 

of the statements (i) and (ii) are identical to its (A; — l)-version. 

If br(7) = k, we define j^j to be the fiber product using the right 
square of (|5.22p (see below). By the property (ii) and the construction of 
the blowups 9?^7|fc] ~^ ^T\k~i] ~^ ^7' there is a unique ^^ja;] 

making the left square a fiber product: 



(5.22) 



This shows that 



4>-,,{k] 



V 



7,W 



njywt 



•'■'h,[k-i] 



Wy X 



Wy xy-y ^7,[fc]' 



which is smooth over Z. 



7,[fc] 



Xy^ ^,[fc]- Therefore, by Lemma 5.14 



is covered by smooth morphisms 



with 7' € Mon(7) C A,^ [j^] that satisfy the statements of the lemma. Finally, 
because 



the lemma follows. 



□ 



5.20. We now describe a stratification of Mi(P",(i). We define an equiva- 
lence relation on A^^ j^j by demanding that 7 7' if 7 is isomorphic to 7 as 
rooted but unweighted trees. Note that and Wy has isomorphic germs 
at their origin if and only if 7 ~ 7'. For 7 € A^^ j^j, we denote by [7] the 
equivalence class of 7 in c. 
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For any point ^ G Mi(P", we let 

(7?,W^^) ^(C,Mi(P",d)[fc]) and {r^,W^)^{x,Z^) 

be the smooth morphisms provided by the previous lemma. We define [7^] = 
[73;]. By the comment in the previous paragraph, the equivalence class [7^] is 
independent of the choice of the chart covering ^. Therefore, we can define 

Mi(P",d)[^],[fc] = E Mi(P",(i)M I [7d = [7]}- 

In general, Mi(P", jfc] is a disjoint union of closed substacks. 

It follows immediately from the previous lemma that 

Lemma 5.21. The stack Mi(P",d)[yfc] has a stratification ]J Mi(P", j^j 
indexed by [7] G ^d,[k]/ ~ such that it has singularity type [7] along stratum 
Mi(P",(i)[^],[fc]. 

By Lemma 13.141 A^^ j^^j consists of only path trees. Note that in this case, 
7 7' if and only if 7 = 7'. Hence we have 

Theorem 5.22. Mi(P",d) has a stratification UjeAa [dj Mi{F'^,d)^ and has 
normal crossing singularity type 7 along Mi(P",(i)^ := Mi(P", . 
5.5. Proof of Theorem [2351 

Proof. For each 7 G ^d,[d]7 it follows from the proof of Lemma 15.191 that to 
each ^ G Mi(P", d)^, we can find an etale ^ e Uj ^ Mi(P"', d), a scheme 
and a smooth morphism qi : ^ with an open embedding q2 ■ lA^ — > 
(F = 0) c£y. Let (F = 0) ^ C be induced by (f5l5]l . By the same 
reasoning as in the proof of Theorem 15.71 if we let 

and (j) '■ £y — ^ be the natural morphism (similarly defined as (|5.13l) ). 
then 

Since 7 G ^d,[d\^ 7 is of the form o[vi[- ■ ■ [ur]]] with r < d. Hence each 

$^,e = WeZi ■■■ Zr. 

This proves the theorem. □ 
5.23. Proof of Theorem [23] 

Proof. Theorem 15.221 is a refined version of Theorem 12.81 □ 

Finally, since the primary component Mi(P"',(i)o of Mi(P",(i) is irre- 
ducible and of dimension (n + l)d, thus the primary component Mi(P", d)o 
of Mi(P", d), which is the proper transform of Mi(P"', ci)o, is smooth and is 
defined by {wi = • • • = = 0) in each chart. 
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5.6. Proof of Theorem I2.10L We now prove 

Theorem l2.10l For any r > 0, the direct image s/iea/7r^^,/*^pn(r) is locally 

free over every component Mi(W'"',d)^ where /x is either or a partition of 
d. It is of rank rd when /i = and of rank rd+ 1 otherwise. 

Proof. For r > 1, we set m = dr and follow the notations introduced earlier. 
We let I e Mi(P",d)^ be any point and let ^ G Mi(P",d) its image. We 
pick a local chart Z// = Vx2)jC/of^€ Mi(P", d), and introduce 

Then is a chart of Mi(P", d). 

Continue to write (C, P) the tautological family over V, we set 

X' = XxuU = Cy.vU, V' = V xuii = V xvU. 

Here the second equality in each set of identities follows from the universality 
of We let J^' = >l XV ^ and ^' = ff^,CD'). The square 

X' C 
(5.23) ^, p 



combined with the cohomology and base change theorem, gives the following 
commutative diagram 

Thus investigating (p is equivalent to investigating f3*if. 

For ip, by (|4.1ip it is the direct sum of the zero homomorphism on i^y 
with 

m 

m /'T\ 

© ■ HiP*^i ' P*^a{A), ifi = C[5„a]- 

1=1 ^ 

1=1 

Therefore, ip is given by a direct sum of the zero homomorphism with the 
pullbacks of ipi = C[s„a]- 

We now let 7 = o[vi[- ■ ■ [vr] • • •]] € ^d,[d] be the tree associated to ^ and 
let 7 be the tree associated to ^. By Lemma [5.191 to ^ G Mi(P", ci)[;y] we 

can find an etale neighborhood 3 ^ Mi(P",(i) and a scheme VKy with 
smooth morphisms 

W;y ^ and — > Z^. 

(We can assume lA = W^.) By the inductive construction of 15.131 we know 
that the tree 7 is obtained from 7 by successively advancing vertices until a 
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terminal vertex is advanced. Assume that 1 < i < ^ is the terminal vertex 
(in 7) that is advanced in the last step (here we adopt the indexing scheme 
as arranged in the proof of Theorem I4.16P . Then by following the same 
inductive construction of 15. 131 step by step, we obtain 

(3*ipi = Zy^ - ■ ■ and j3*ipi\l3*ipj for all j 7^ i. 

Thus as in the proof of Theorem 14.161 using a new basis of 

m 
i=\ 

we see that the kernel of is a direct sum of with the kernel of the 
homomorphism 

Now if ^ S Mi(P", (i)o, then z^^ - ■ ■ z^,,, does not vanish at general points 
of 9^^{U^ n Mi(P", d)o). Hence the kernel sheaf of (f is locally free of rank 
m over 6'^i(^ n Mi(P", (i)o). If | G Mi(P", d)^ for /i a partition of d, then, 
one oi Zvi, - ■ ■ , Zy^ vanishes along 6^^{U^ n Mi(P", d)^). Hence the kernel 
sheaf of tp is locally free of rank m + 1 over 6~^{U^ fl Mi(P",d)^). This 
proves the theorem. □ 

5.7. Remarks on moduli spaces of stable maps with marked points. 

Finally, we point out that all the main results in this paper generalize directly 
to moduli space of genus one stable maps with marked points. This extension 
requires introducing blowup loci involving the marked points analogous to 
those described in 
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